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Abstract: In this paper, we introduce some properties of unit group in the degenerate Hecke algebra.
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Introduction

A Coxeter System is a pair (W, S) consisting of a group W and a set of generators S, subject only to relations of
the form (ss’) ™) =1, wherem(s,s’) =1, m(s,s’) = m(s',s) > 2for s#s'inS.
An arbitray we W can be written as a product of elementsinS, say w=s,---s, (Wheres, e S). Define the length

[ (w) of w to be the smallest r for which such an expression exists, and call the expression reduced.

We begin with a very general constrution of associative algebras over a commutative ring A (withl). Such an
algebra will have a free A— basis parametrized by the element of W , together with a multiplication law which
reflects in a certain way the multiplication in W . The algebra will aso depend on some
parametersag, b, € A (se S), subject only to the requirement that a = b, andbg = b, whenever S andt are conjugate
in W, The starting point for the constrution is a free A— module ¢ on the set W, with basis elements denoted
Ty (WeW).

THEOREM 1.1(see [1]) Given elementsa,,b, as above, there exists a unique structure of associative A— agebra on
the free A—modulee , with T, acting as the identity, such that the identity, such that the following conditions hold
forall seS,weW:

TTy =Tgy if 1(sW) > (W), 1)
T T, =agT, +beTg, if [(sw) <l(w). (2

The algebra described by the theorem, denoted ¢ 5 (as, bs) , is called a generic algebra. Having constructed generic
agebras ¢4 (ag,bg) over an arbitrary commutative ring A . Now let A be thering Z[q, q 1] of Laurent polynonianls

over Z in the indeterminate g . With the further convention thatag = q—1andb, = qfor al se S, wewriteH for the

resulting generic agebraand call it the Hecker algebraof W . In paticular, we call it the degenerate Hecker algebra of
W if g=0.Therelations (1) and (2) become:

T Ty =Tg, if I(sw) > (W),
TT, =-T, if [{(sw)<l(w).
For the right-handed version, we have the relations as follows
ToTs =Tys if 1(ws) >1(w),
TuTs =T, if I(ws) <I(w).
Main Result and Their Proofs

PROPOSITION 2.1 Letw; e W |If there existsw, e W such that T, T, =T,, thenw; =w, =1.
Proof. Supposethat T, T,, =T, itisclear that |(w) = 1(w,) and I(w) = I(w,) . Moreover, by the
hypothesisT,, T,,, =T,, sowecan getw, =w, =1.
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Given W , with\W| =n< oo, say W ={wy,W,,---,W,} , where I(w;) <I(w,) <--- <I(w,) and w; istheidentity
element.

PROPOSITION 22 Leth = aT,, +a,T,, +--+a,T, , hy =b T, +b,T,, +--+b, T, (I(w)<I(w;) <+~ <1(wy)),
if hhy, =T,, thenw, =1, ajb, =1land T, T,, =Ty T, Tw, =*Ty, ,where m<n< jandj =1, al coefficients of
these productsin the sumis egual to O.

Proof. Accordingto hh, =T, , itisclear to get these results.
Given h= Z:aWTW =T, +aT,, +-+a,T, , = waTw =bT, +--+b,T, where a, =3a,b, =b,
weW weW
we denote (ay,a,,---a,)" by B. Supposethat hh, =T, , we will describe amethod to compute b,,---,b,.

Forevery w eW (1<i<n),wedefineby T, alinear transformationof H and T,,, : T, (T,,) =Ty, T, (We W),
let M; be amatrix of alinear transformation T,, under the basis{T,,, , T, ,---T,, } , which show that M; is alower
triangular matrix.

Remark: W ={w;,W,,---,w,}, foral he ZawTW. ,wewriteh =a,T,, +a,T,, +--+a,T, ,where 3 e Z. h can
wewW
bewrittenin n! different way, but computing the final result of h; can not change, to simplify calculation, we seek a

partial ordering I(w;) <I1(w,) <--- <I(w,) in W . some results are described in the below.
Toy (T Ty o T ) = (T s T oo T OM ©)
Let a; act on (3), then
Ty Ty Ty o T ) = (T Ty o0 T )M,
We can conclude
(8 Ty, + 35Ty, +-+anTy MMy T, o Ty ) = (T T, oo Ty Y@My +---+ 3, M)

Cl

a
(Twl'Twz”"Twn) :2 (TwliTwzi"'Twn) = (Twli-rw2 v"'Twn )(alMl teeet anMn)

a'n

a by by
iy = (T Ty T )| 22 (T T o) 22 | = (T T o T Y@M M )| 2
hl—o—wll wy 't wn) . (rwll wy wn) : —(rw11 wy 't wn)(al 1+t 8y n) :

an bn bn

Supposethat hh, =T, , the following condition is satisfied:

b, 1
(TwllTWZ""Twn)(alMl+"'+anMn) . :(TwllTwzl“'Twn) .
b, 0
Let h :ZaWTW € H , thereexists some h, waTw € H such that hhy =T, . itimplies that
1

0
(yMy+--+a,M )X =] .
0
Write V; = (1,0,---,0)", then (a;M; +---+a,M )X =V,. In particular, leth = h, , h? = T, , which satisfy
M, +---+a,M)B=V,.

Example
3L W=A, T, =TT, =T .Obvioudy, T,T, =T, T,Tg =T , T, T, =T, , T Tg =T .
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Let h=aT, +a,T,, ,h=bT, +b,T, ,then

(M, + azMz)(Elj :[éJ
2

{ ab =1
ab +(a —ay)b, =0

Or, equivdently

We can obtain

a,=1b,=1a,=0b,=00r a, =-1,b, =-La,=0,b, =0; or &y =1b =1, a, =2,b, =2
ora =-1b =-1a,=-2b, =-2

Consider the casethat h = h,, we have

al =
aa, +(a —ay)a, =0
=1 |[gy=-1 [a=1 [g=-1
a=0 |a,=0 |a,=2 |a,=-2
Therefore

BT (RPN (M+2T)% =T, (T - 2Tg)% =T,
GivenW as above, letU be the unity group which consists of al invertible elementsin H , we will know

We can get

n
thatT, eU ,-T, eU and someh:ZaiTWi may lieinU , assumethat heU , it not only satisfieshh, =T, , but also
i=1

n
hh=T, , where h; :ZbiTW. , since T, and TWj (i # j) may not commute. if heU iff hhy =hh=T,,in
i=1
particular, if h? =T,,then heU . When W = A, for any heZa Tw: eZa T, » handh, can commute,
w w
since T,, and TWj (i # ) can commute. From the previous example, we can obtain that

(T, +2T ) eU and (T, — 2T, ) € U . Consider an example in the below, where not al T,, and TWj (i=]) can

commute.
32 let W=A, T =TT, =Ts T, =Ts, 0 Tw, =Tss, i T, =Ts,g 0 T, = Tsss, -
1 0 0 0 0 O] [0 0 0 0 0 O] [0 0 0 0 0O O]
010000 1 -10 0 0 O 00 0 0O 0 O
0 0100O00O 0 0 0 0 0 O 10-10 0 O
Ml: 7M2_ ’ M3: ’
000100 0 01 -100 00 0 0O 0 O
000O010 0 0 0 00O 01 0 0 -1 0
0000 0 1 0 0 0 0 1 -1 00 0 1 0 -1
[0 0 0 0 0 O] [0 0 0 0 0 O] [0 0 0 00 O]
00 O O 0O 0 00 0O 0O 0 0 0 00O
00 0 O O O 0O 0 OO0 0O 0O 0 0 00 O
M, = Mg = Mg =
10-10 0O 0 0 00O 0O 0O 0 0 00O
00 0O O 0O 1 -10 0 0O 0O 0 0 00O
01 0 -1 -1 1] 0 0 1 -1 -1 1] 1 -1 -1 1 1 -1
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Let h=> aT, ,supposethat heU , then there exists hy = » BT, suchthat hhy = hyh =T, , which satisfy

= =1
by a
b, a
(M +--+agMg)  |=V, and (B My +---+bgMg)| * |=V;
b 8

Thus, we can obtain

a,=1lb =la,=2b,=2a;=2b;=2,a,+b, =4,a5+b; =4,

16-3(ag +g) + (-a4 —as + 3g)(0s + bs —bg) = 0;

Or

a,=1lb =1a,=2b,=24a;=0b;=0a, =b,,a; =bs,
2(a4+b5)_(a6+b6)+(_a4_a5+a6)(b4+b5_b6):0;

Or

a;=1b =1a,=0b,=0a3=2b;=2a, =b,,a5 =bs,

2(@s + by) ~ (86 +15) + (-8 ~ 35 + 3) (D + b5 ~bg) = 0

Or gy =1b =1a,=0b,=0,83=0b;=0,a,+b, =0,a5 +b; =0, ag + bz + (—a, —a5 + a5)(b, +bs —bs) =0;
Ora =-1b =-la,=-2b, =-2,a3=-2,b; =-2,8,+b, =—4,a5 +b; =4,

16+ 3(ag +bg) + (—a, —as + ag) (b, +bs —bg) =0;

Or

a, =-1b =-1a,=-2b,=-2,a;=0,b; =0,a, =b,, a5 = b,

—2(a, +bg) + (ag +bg) +(—a, —as +ag)(b, +bs —bg) =0;

Or

a, =-1b =-1a,=0Db, =0a;=-2,b; =-2,a, =b,,a; =g,

—2(a5 +by) + (a +bg) + (-8, — a5 + a) (b, +bs —bg) =0

Or

a=-1b =-1a,=0b,=0a8;=0b;=0,8,+b, =085 +b; =0, —(ag +bg) +(—a, —as +ag)(b, +bs —) =0;
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