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Introduction  

 
A  Coxeter System is a pair ),( SW consisting of a group W and a set of generators S , subject only to relations of 

the form 1)( ),(  ssmss , where 1),( ssm , 2),(),(  ssmssm for ss  in S . 

An arbitray Ww can be written as a product of elements in S , say rssw 1 (where Ssi  ). Define the length 

)(wl of w to be the smallest r for which such an expression exists, and call the expression reduced. 

We begin with a very general constrution of associative algebras over a commutative ring A (with1). Such an 
algebra will have a free A basis parametrized by the element of W , together with a multiplication law which 
reflects in a certain way the multiplication in W . The algebra will also depend on some 
parameters Aba ss , )( Ss , subject only to the requirement that ts ba  and ts bb  whenever s and t are conjugate 

in W , The starting point for the constrution is a free A module  on the set W , with basis elements denoted 

wT )( Ww . 

THEOREM 1.1(see [1]) Given elements ss ba , as above, there exists a unique structure of associative A algebra on 

the free A module  , with 1T  acting as the identity, such that the identity, such that the following conditions hold 

for all WwSs  , : 

swws TTT     if )()( wlswl  ,          ⑴ 

swswsws TbTaTT     if ).()( wlswl    ⑵ 
 

 The algebra described by the theorem, denoted ),( ssA ba , is called a generic algebra. Having constructed generic 

algebras ),( ssA ba over an arbitrary commutative ring A . Now let A be the ring ],[ 1qqZ of Laurent polynonianls 

over Z in the indeterminate q . With the further convention that 1 qas and qbs  for all Ss , we write H for the 

resulting generic agebra and call it the Hecker algebra ofW . In paticular, we call it the degenerate Hecker algebra of 
W if 0q .The relations (1) and (2) become: 

 
  swws TTT     if )()( wlswl  , 

 wws TTT     if )()( wlswl  .  

For the right-handed version, we have the relations as follows 

wssw TTT     if )()( wlwsl  , 

wsw TTT     if )()( wlwsl  . 

Main Result and Their Proofs 
 

PROPOSITION 2.1 Let Ww 1 ,If there exists Ww 2 such that 121
TTT ww  , then 121  ww . 

Proof.  Suppose that www TTT 
21

 it is clear that )()( 1wlwl  and )()( 2wlwl  . Moreover, by the 

hypothesis 121
TTT ww  , so we can get 121  ww . 
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Given W , with  nW , say },,,{ 21 nwwwW  , where )()()( 21 nwlwlwl    and 1w  is the identity 

element. 
PROPOSITION 2.2 Let

nwnww TaTaTah  
21 21 , 

nwnww TbTbTbh  
21 211 ))()()(( 21 nwlwlwl   , 

if 11 Thh  , then ,11 w 111 ba and 
jnm www TTT  ,

jmn www TTT  , where jnm  and 1j , all coefficients of 

these products in the sum is equal to 0. 
Proof.  According to 11 Thh  , it is clear to get these results. 

Given 
nwnwww

Ww
w TaTaTaTah  




21 21 , 

nwnww
Ww

w TbTbTbh 



111 ,where iw aa

i
 , iw bb

i
 , 

we denote T
naaa ),,( 21  by B . Suppose that 11 Thh  , we will describe a method to compute nbb ,,1  . 

For every Wwi  )1( ni  , we define by 
iwT a linear transformation of H and 

iwT : wwww TTTT
ii

)( )( Ww , 

let iM be a matrix of a linear transformation 
iwT under the basis },,{

21 nwww TTT  , which show that iM is a lower 

triangular matrix. 

Remark: },,,{ 21 nwwwW  , for all 
iw

Ww
wTah 



 , we write
nwnww TaTaTah  

21 21 , where Zai  . h  can 

be written in n ! different way, but computing the final result of 1h  can not change, to simplify calculation, we seek a 

partial ordering )()()( 21 nwlwlwl    in W . some results are described in the below. 

iwwwwwww MTTTTTTT
nni

),,,(),,,(
2121
              )3(  

Let ia act on (3), then  

iiwwwwwwwi MaTTTTTTTa
nni
),,,(),,,(

2121
   

We can conclude  

))(,,(),,)(( 1121 212121 nnwwwwwwwnww MaMaTTTTTTTaTaTa
nnn

   

))(,,(),,(),,( 11
2

1
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n
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Suppose that 11 Thh  , the following condition is satisfied: 
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Let HTah ww  , there exists some HTbh ww 1 such that 11 Thh  . it implies that  
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Write TV )0,,0,1(1  , then 111 )( VXMaMa nn  . In particular, let 1hh  , 1
2
1 Th  , which satisfy 

111 )( VBMaMa nn  . 

 
Example 
 
3.1. ,1AW  11

TTw  ,
12 sw TT  .Obviously, 111 TTT  ,

111 ss TTT  ,
11 1 ss TTT  ,

111 sss TTT  . Thus 
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
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1M , 








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2M  

Let 
21 21 ww TaTah  ,

21 21 ww TbTbh  , then  


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



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b
MaMa  

Or, equivalently 









0)(

1

22112

11

baaba

ba
 

We can obtain  
;0,0,1,1 2211  baba or ;0,0,1,1 2211  baba  or ,1,1 11  ba ;2,2 22  ba  

or ;2,2,1,1 2211  baba  

Consider the case that 1hh  , we have 
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We can get  
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Therefore  

,1
2

1 TT     ,1
2

1 TT   1
2

1 )2(
1

TTT s  , 1
2

1 )2(
1

TTT s  . 

GivenW as above, letU be the unity group which consists of all invertible elements in H , we will know 

that UT 1 , UT  1 and some 




n

i
wi i

Tah
1

may lie inU , assume that Uh , it not only satisfies 11 Thh  , but also 

11 Thh   , where 




n

i
wi i

Tbh
1

1 , since 
iwT and 

jwT )( ji  may not commute. if Uh  iff 111 Thhhh  , in 

particular, if 1
2 Th  , then Uh . When 1AW  , for any ww

Tah  , ww
Tah 1  , h and 1h can commute, 

since 
iwT and 

jwT )( ji  can commute. From the previous example, we can obtain that 

UTT s  )2(
11 and UTT s  )2(

11 . Consider an example in the below, where not all 
iwT and 

jwT )( ji   can 

commute. 
3.2. let 2AW  , 11

TTw  ,
12 sw TT  ,

23 sw TT  ,
214 ssw TT  ,

125 ssw TT  ,
1216 sssw TT  . 
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Let 

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Thus , we can obtain  
,4,4,2,2,2,2,1,1 5544332211  bababababa

;0))(()(316 65465466  bbbaaaba   

Or 
,,,0,0,2,2,1,1 5544332211 bababababa 

;0))(()()(2 6546546654  bbbaaababa  

Or 
,,,2,2,0,0,1,1 5544332211 bababababa 

;0))(()()(2 6546546645  bbbaaababa  

Or ,0,0,0,0,0,0,1,1 5544332211  bababababa 0))(( 65465466  bbbaaaba ; 

Or ,4,4,2,2,2,2,1,1 5544332211  bababababa  

;0))(()(316 65465466  bbbaaaba   

Or 
,,,0,0,2,2,1,1 5544332211 bababababa 

;0))(()()(2 6546546654  bbbaaababa  

Or 
,,,2,2,0,0,1,1 5544332211 bababababa 

;0))(()()(2 6546546645  bbbaaababa  

Or 
,0,0,0,0,0,0,1,1 5544332211  bababababa 0))(()( 65465466  bbbaaaba ; 
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