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Abstract

In this paper, we investigate the following third-order three-point semipositone boundary value problems:

u”(t)-f (t,u)=0, te(0,2);

u(0)=u’(n)=u"(1)=0,
Under the conditions that the nonlinear term f (t,u) : (0,1) x (0,+00) — (—o0,+0) is continuous, i.e., we alow
that the nonlinear term f is both semipositone and lower unbounded. By using the fixed-point index theory, the
existence of positive solution and many positive sol utions are obtained.
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Introduction
In this paper, we study the following third-order three-point semipositone boundary value problems (SBVP):

u”(t)— f (t,u)=0, te(0,1);
(11
u(0)=u’(7)=u"(1)=0,
Where 1/ 2 <7 <1, f(t,u):(0,1) x[0,+00) — (—00,+0) .
In recent years, the existence of positive solutionsfor nonlinear boundary value problems received wide attention.

But they all request the positive continuous or lower bounded of the nonlinear term (see [1-7, 9]). For example, in
1998, D.Aanderson [6] considered the following problem (1.2) and obtained an existence result about positive
solutionswhen f (t,1) = g(l) and g :[0,+o0) — [0, +0) .Recently, Yao [7] hasinvestigated (1.1) when f is
semipositone and lower bounded, and he obtained the existence theorem.

In this paper, by constructing a new Lemma which isimportant to resolve the semipositone boundary value problem
SBVP (1.1) (See Lemma 2.4 and the proof in section 3, 4), we research the existence of positive solutions for
semipositone boundary value problem SBVP (1.1) under the conditions that the nonlinear

term f (t,u) :[0,1] x (O, +o0) — (—0,+00) is continuous, i.e., we allow that the nonlinear term f isboth

semipositone and lower unbounded.
Our main tool of this paper is the following fixed point index theory.
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Theorem1.1®! .Suppose E isarea Banach space, K — E isacone, let Qr = {u e K ||u|| < r} . Let operator
T :Qr — K becompletely continuous and satisfy TX = X, VX € Qr . Then

(W 1f [TX| <[|X|, ¥x e Qr , then i(T,Qr,K) =1;

G 1f [T = ||X]. ¥x € Qr then i(T,Qr,K) =0;

This paper is organized as follows. In section 2, we present some preliminaries and lemmas that will be used to
prove our main results. In section 3, we discuss the existence of single solution of the SBVP (1.1). In section 4, we
study the existence of at least two solutions of the SBVP (1.1). In section 5, we give an example as an application.
2  Preliminariesand Lemmas

Letl = [0,1], E= C[I , R] ,then E isaBanach space with ||X|| = ntqzlax|x(t)| . We also introduce the space

1 ) o
L' (0,1) with norm||x||l = '[O|X(t)|dt :
Throughout this paper, we shall use the following notation:

ts—%tz , 0<s<n, O<t<s;

1l | 0<s<p, O<s<t;
G(t,s) =, 2

nt—%tz , n<s<l, O<t<s;

%SZ—'[SH]'[ , n<s<l, O<s<t.

Itiswell known that G(t, S) isthe Green’s function of homogeneous boundary value problem:

u”(t)=0, 0<t<1;

u(0)=u'(n)=u"(1=0.
Obviously, G(t,S) isnonnegative continuous function.
By direct account, we can easily obtain the following results.
Lemma 2.1 ([7]). G(t,S) defined as above have the following properties:

qt)J(s) <G(t,s) < J(s), 0<t,s<1,

where
1,
=82, O<s<n, t o<t<p
J(s) =max G(t,s) =1 2 ao={" =0
tel EUZ, n<s<1, nt—t< .  p<t<y,

Lemma2.2. For the unique position solution U(t) of the following BVP:
u"(t)=h(t), O<t<l,

u(0)=u’(n)=u"(1)=0,
Where he 1(0,1), h> 0. Then
u(t) > |uat), 0<t<1.
Proof. By q(t)J(s) < G(t,s) < J(s), 0<t,s<1, wehave

u(t) = j:c;(t,s)h(s)dss jolJ(s)h(s)ds,

1
Jul < jo J(9)h(s)ds.
Therefore, for 0 <t <1, we have
1 1
u(t) = [ G(t,9h(s)ds > q(t) |, IHh(s)ds > u] a(t).
This completes the proof of Lemma2.2.
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u"(t)=h(t), O<t<1,
Lemma 2.3 For the unique position solution U(t) of the following BVP:

u(0)=u’(z7)=u"(1)=0,
where he 1(0,2), h> 0. Then, for any 6 € (0,1/ 2) there exists constant & > O such that
u(t) 2 ofu|, & <t<1-o.
Proof. Let o = 0';?31),(6 q(t) and then by the Lemma 202, we can obtain the results. This completes the proof of

Lemma 2.3.

Lemma 2.4. Supposethat W(t) isthe solution of the following BVP,
u”"(t)=M(), te(0,1);
u(0)=u'(n)=u"(1)=0,
Where M (t) e L*(0,1), h > 0. Then, there constant C > 1 such that
W(t) < C|M], q(t), 0<t<1.
Proof. For t € [n,l],wecan have
w(t) =[ G(t, 9M (s)ds
_ n 1 2 t l 2 1 l 2
= IO ES M (s)ds+jn(§s —ts+nt)M (s)ds+£ (nt _Et )M (s)ds

tl t 1 1 1
< IOESZM (s)ds+L (532 —ts+nt)M (s)o|s+j0 (nt —Etz)M (s)ds

1, 1, |
<| =t + (=t =ty +nt) + 2(nt — =t M (s)ds
{2 (GE —tn+10) + 2t = )}jo (s)

< 20t M(9)ds < 3(2nt 1) M.
Infact,by 1/ 2<n <t <1, wehave
3(2nt —t*) - 2nt = 4t —t* > 4n° —t* > 0.

For t €[0,77], we can have
w(t) =[ G(t,9M (s)ds
\ j;%szlvl (9)ds+ " (ts—%tz)M (9ds+ [ (ot —%tZ)M ()ds
< j;%szlvl (s)ds+ | (ts—%tz)M (s)ds+jol(nt —%tZ)M (s)ds
< Etz +nt+(pt —%tz)}EM (s)ds

1
= 2nt| M(s)ds < 2t M.
Then, we choose constant C = 3> 1, by the above, we have

W(t) <C|M], q(t), 0<t<1.

This completes the proof of Lemma 2.4.
In the rest of the paper , we also make the following assumptions:
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(H) f eC([0,1]x[0,+x),[~00,+x)), and there exists function M (t) € L'(0,1), M (t) >0 and

J:J(S)M (s)ds< oo such that
f(t,u) >-M(t), Vte (0,1),u>0.
Where C||M ||1 <1, here C isthe same constant asin Lemma2.4 and J(S) isdefined in Lemma2.1.
By Lemma 2.3, for 8 € (0,1/ 2), we denote acone K of E:

K ={ueE:u(t)=|u|a),0 <t<1-6},
For convenience, we set

2 1 .
= | 6= , o= min q(t)
1-0 1 9<t<1-6
o’ L J(9)ds jO(J(s)+M(s))ds i
f,= IimmaxM , f =lim min f(tu)
u—0 0<t<1 u u—oo 0<t<l u

3  TheExistence of Single Positive Solution
In this section, we present our main results.

Theorem 3.1. Suppose that condition (H) hold.. Assume that for C||M ||1 <r< ZC”M ||1 <R, f asosdisfies
(A): f(t,uy>MR, for cR/2<u<R, 0<t<l;
(A): f(tuy<nmr, for O<u<r, 0<t<1,
where M € [0* ,oo) ,Me (O, 0. ] ,mr >1. Then, the semipositone boundary value problem SBVP (1.1) hasa
solution U € K such that ||ul| lies between rand R.

Theorem 3.2. Suppose that condition (H) hold. Assumethat f also satisfy

(A): fo=0ec[06 -a);
(A): f =4 e[ﬂ,oo}
o

Then, the semipositone boundary value problem SBVP (1.1) hasasolution U € K such that ||u|| lies between I and
R.

The proof of Theorem 3.1. By Lemma 2.4, weset W(t) = W(t) , Then u(t) isthe positive solutions of the SBVP
(1.2) if and only if u(t) = u(t) +w(t) isthe positive solutions of the BVP

u”(t)-F(t,u(t)—w(t))=0, te(0,1);
(31)

u(0)=u'(n)=u"(1)=0,
and l;(t) >wW(t), t e J, wherefor tel,
FLW=HEW+MO, Hew={{{ =
Obviously, BVP (3.1) is equivalent to the equation
u) = [ G(t,9F (s.u(s) - W(s))ds. 32)

and consequently, it’s solution is equivalent to the fixed point problem U = Tu with operator
T:E — E givenby

Tu)(t) = [ Gt 9F (su(s) - W(9)ds (33)
Then we shall divide the rather long proof into three steps.
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) T:K — K iscompletely continuous.
(a) Firstly, we proof that T(K) < K . By Lemma2.1, (3.4), forany u(t) e K, te J, wehave

(Tu)(t) = jole(t, S)F(s,U(S) - W(S))ds < jolJ (S)F (s,u(s) — W(s))ds.

[Tu] < [ I(9F (s.u(s) - W(9))ds (34)
Then, by Lemma 2.1 and (3.4), for u € K, we have
(Tu)(t) = j:G(t, S)F(s,u(s) — W(s))ds > q(t)j:J (S)F (s,u(s) — w(s))ds | Tul q(t).
Then T(K) c K .

(b) Secondly ,we will show that T is compact operator. Let D < K be any bounded set, then there exists a
constant M > O such that ||u|| < M,u e D. Then, we have

[Tu®] < [ IE)(L+M(9)ds

where L= sup H(t,u). Therefore, T(D) isuniformly bounded.
o<t<1|uf<M

Next, we will show ‘(T(u)" e L(0,1),u € D. Infact, by (3.3), we know that if t € [77,1], we can get
[T O] =|[ (7~ 9F (s:u(9) - ws)ds+ [ (7 ~HF (s,u(s)- w(s))d#
U; (7 -9)(L+M(s)ds+ f(n ~t)(L+M (s))ds<

< (L +1)( j; (s= 1)@+ M (s))ds+ f(t —7)(L+ M ())ds)
L (L+Dh(),
where h(t) = j; (s—n)(L+ M (s))ds+ '[tl(t —n)(@+M (s))ds.

Then, we have

IA

o

[ Ittt = j:‘ j; (s=m)(L+M(9)ds+ [ (t - )@+ M (3)dscl
- j:(s— DA+ M (9)ds[ dt+ [ 1+ M (9)as| (- )t

<[ (s-m@+M(9)dsf dt + [ @+ M (s))(%sz —ns)ds

<[ @+M(9)ds <,
Then, 0.< ['[(T(u) (t)]dt < e
Similar to the above, for t € [0,77], wecanalsoget 0 < J:‘T(u)'(t)‘dt < 0. Then, for any
0<t <t, <1 ueD, wehave
(ue) - o)) <[ rwy o] < [

So by the absolute continuity of the integral, we know that T (D) is equicontinuous on [O, 1] . Thus, according to

T(u) (1)t

Ascoli-Arzela’s theorem, we know that T (D) isarelatively compact set,i.e., T iscompact operator.

Furthermore, by using L ebesgue dominated convergence theorem, we can easily obtainthat T : K — K isa
completely continuous operator.
(1) Next, we will discuss the positive solution of the BVP (3.1).
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We define two open subset €, and €2, of E:
Q ={ueK:|u| <R}, Q,={ueK:|u|<r

Then, for t € [0,1] and U € 00, we have u(t) —w(t) < u(t) < ||u|| =R and
u(t) —w(t) = u(t) —w(t) = u(t) - C[M|, q(t) > u(t) - ”

L "1>u<t> >Zu(),

u(t) - w(t) = %u(t) > @q(t) > %R, 9<t<1-0.
And then by ( A), we have
(Tu)(t) = [, G(t, 9F (s.u(s) - W(s))ds
> J:J(s)q(t)( f(s,u(s)—w(s)) + M(s)ds
>0 7 3(8)(f (s,u(s) — W(s))ds

1
zazMRj J(s)ds=R=]|ul.

Therefore, we have

[Tu|= u], Yueo,
Then by Theorem1.1, we have

i(T,Q,K)=0. (35)
On the other hand, for Yu € 0€,, we have u(t) —w(t) < u(t) < ||u|| =r and

u(t) = w(t) = u(t) —w(t) > u(t) - C[M|_q(t) > u(t) - ” ”

:(1——”r ||l)u(t)zO,
and thenby (A,), we have
(Tu)(t) = j:G(t, S)F (s,u(s) —w(s))ds
< j:J(s)(f (s,u(s) —w(s)) + M (s)ds
< j:(J(s)mr + M (9))ds
< mrj:(a(s) +M(9)ds<r =u].
Therefore, we have
[Tu| <|u, vYueoQ,
Then by Theorem 1.1, we have

i(T,,K)=1. (36)
Therefore, by (3.5), (3.6), I < R, we have

i[T,Ql\ﬁz,KJz—l.
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Then operator T hasafixed point U E(Ql\ﬁzj,and r<fuf<R.

(1) Finally, we will show that l](t) >w(t), te(6,1-0).
By, Lemma23and 2.4, for te (9,1—9) , we have
u(t) > luflq(t) > ra(t) > CM||_ a(t) = w(t) = w(t).

i.e, u(t) =u(t) —w(t) isthe positive solution of SBVP (1.1). This completes the proof of Theorem 3.1.
The proof of Theorem 3.2. The proof of Theorem 3.2 isamost the same as that of Theorem 3.1. All we need
to do isto discuss the operator T which is defined by (3.3).

First,by f,=¢p € [0,9* —a),for & =0, —a— @, there exists a positive number
p>C|M|,, p(6.—a)=1,as0<u<p, u=0,wehave
f(t,u)<(p+&)u=(6. —a)p. (3.7
Thenlet r = p, m=6, —a €(0,6.), thusby (3.7), we have
f(t,u) <nr, O<uc<r.
So condition (A,) holds.

46 46
Next, by condition (A,), f, =1 € (—,ooj ,thenfor £ = A — —— | there exists an appropriately big
o o

positive number R# 1 ,as U > o R/ 2, we have

ft,u)>(A-gu> [EJ .G—2R= 20R , (3.8)
o

*

Let M =20" >0, thus by (3.8), condition ( A) holds. Therefore by Theorem 3.1 we know that the results of
Theorem 3.2 holds. The proof of Theorem 3.2 is compl ete.

4 Application
Example 4.1. Consider the following boundary value problem (BVP)

u’"(t)—{u(t)In(1+u(t))-:1))t2}: 0, O<t<1,
(5.1)
u(0)=u'(2/3)=u"(1)=0.

We can easily show that f (t,u) = u(t) In(1+ u(t)) —%tz satisfy:
f (t,u) = u(t) In(L+u(t)) —%tz > —%tz =-M(t),

Obviously, [ M (s)ds = j;%tzdt =%<1. So, condition (H) holds.

Next, we can easily know that f, =0, f, = 0. Socondition (A;),(A,) hold.
Therefore, we can choose C = 3 (seeLemma2.4) and r, R such that
C||M1|| =1/3<r< 2C||M1|| = 2/ 3< R. Then, by Theorem 3.2, we can show that for the SBVP (4.1) have at
least two positive solutions U(t) and I < ||u|| <R.
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